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Theory of Equations

Solve x*-5x>+4x?+8x -8 =0, having given that one of the roots is  1++/5..
Solve z*-4z+8z-4=0,giventhat 1+i isaroot.

Let f(x)=ax®+bx*+cx+d and f(0)=-2, f(1)=-6,f(-2) =-12, solve the equation f(x)=0,
given that the product of its roots is twice their sum.

Solve x3-5x?—16x+80=0 if the sum of two roots is zero.

Show that the equation  x*—12x*+12x-3=0 hasarootbetween -3 and -4 and a root between
2 and 3.

If the equation 2x°—qx+r=0 hasroots a+1, b+2, 6 where a,b are the real roots of the equation
x¥)-~mx+n=0 and a>b,find qr intermsof m,n.
Inthe case a=b,showthat ¢=4(2r+1).

X% 2x+2
+

x+1  x2

By a suitable substitution, express the equation —3=0 inquadratic form and hence solve
it completely.

If the equations ax®+by?=1,Lx+My=1 have only one distinct solution for x and 'y, prove that

L2 Mm? . :
—+——=1, and find the solution.
a
5 . . -
Prove that ———— s positive for all real values of x and find its greatest value. Draw a rough

2x% +3x+3

graph of the function for values x between -6 and 3.
If a,p aretherootsof x*+7x-3=0,provethat o+ p%+7(a?®+p%—-3(a+p)=0.

If the roots of ax?+bx+c=0 areintheratio p:q,provethat ac(p+q)?=b?pq.

2 1

Solve 3(x—x 1) =x*+x72 by the substitution y=x-x".

If the roots of ax’+bx +c =0 are such that their difference is one-half of the sum of their reciprocals.
Prove that b®(4c’-a”)=16ac’.

Therootsof px?+x+q=0 are o,B. Withoutsolving the equation, find, intermsof p and q,
the value of  (pa® + qa) + (pp® + qp) .

Prove that, if all roots of the simultaneous equations :  x*+y?*=1, Lx+My=1 are real,

then L%+ M?>1.
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x*+2ax+b

(@ If fx)= 7 1 ,where a and b arerealand a=0, show thatthere are two real
X+
. Ax + B)’
numbers k suchthat f(x)—k is of the form % .
X* +

[(A-k, )x+a]’ for
1-k,)(x*+1)

r=1,2. Provealsothat (1—ki)(1-ky)=—-2a° anddeduce that for real values of x , ky < f(x) <k .

(b) [Ifthese numbersare k; and k;,where k;<Kky,showthat f(x)-k, =

(c) Make arough sketch of the curve y=1(x) for a> 0, indicating the position of the curve with

respectto thelines y=1, y=ki, y=ks.

If a and b areunequal real numbers whose sum is not zero, show that
(a—b)x*—2(a*+b)x + (a®-b*) =0
has real or complex roots accordingas a and b have the same or opposite signs.
2(a+b)Vab
a-b

Show that the difference between the roots is

Therootsof ax’+bx+c=0 are o and P. Expressintermsof o and B the roots of

1 b?
X+2+—=— .
X ac

Find the ranges of values of © inthe interval 0<6 <2x for which the equationin X

x?cos?0 + ax(v3cose +sin 9)+ a?=0 arereal.

Provethatif o and [ are the roots of the equation ax+bx+c=0 and o:B=i:p,
then Apb?=(L+p)’ca.

Deduce the condition (interms of a,b,c,a’, b’, ¢’) for the roots of the above equation to be in the same
ratio as those of ~ a’x*+b’x+¢’=0

If a isaconstantsuchthat 0<a<1,prove that the roots of the equation (1-a)x*+x+a=0

are always real and negative.

Find the equation whose roots are the squares of the reciprocals of the roots of this equation.

If a, B,y arerootsof x*+px+q=0,form the equation whose roots are E+l, g+l,
(04

y By

2 2 2 3
(Hint : y+2=B+y—+2By=a_=_a_=p_a+l )
Py pBv a q

If o and P areroots of ax? + bx + ¢ =0, find the value of :

1 N 1 (b) 1 N 1
(aa+b)’  (ap+b) (aa+b)’ (ap+b)’
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If o and B arerootsof  3x*+x-1=0, provethat 3(a+p%)+(@*+p)-(a+p)=0,

and 3(a*+BY) + (@ +pY)—(a®+ B =0. Hencefindthe valuesof o’+p> and o +p*.

Giventhat a,b,c arethe roots of the equation x3+px’+qgx+r=0 ,express a +b®+c® interms of

1 1 1 3pgr—q°-3r’
p,q,r andshow that ¥+F+F:%_

Prove that the equation whose roots are the four numbers obtained by adding a root of x*+2ax+b=0 toa
rootof x*+2px+q=0 is [X*+2(@@+p)x+b+q+2ap]°-4@-b)(p*-q)=0.

If a,b,c aretheroots of the equation x>+ mx+n=0, prove that
a®+b°+c’ :%(eﬁ +b%+c?) +%(a2 +b2+c?)a* +b* +c*) .
If 1,X,Xp,Xs,Xs are the roots of the equation x°—1 =0, prove that
(1-%X)(A-%)(1-x3)(L—x%x4) =5 and L+x) (L+X)(QA+x3)(L+x)=1.
Iftheroots x"=1 are 1,01,02,...,00_1,provethat (1-oq) (1-o0p) ... (L-on_1)=n.

If a;,a,...,a, aretherootsof Xx"+pyx"~!+px""2

A+ad)(l+a?) ... (A+a’)=(L-p2+ps—...)  +(Pr-Ps+pPs—... ).

+ ...+ pp_1X+pr=0, show that

Provethat x®+3x—3=0 hasoneandonlyonereal root o, andhencethat x*+6x*—12x-9=0

has just two real roots.

Find the range of k for which the following equations have 4 distinct roots. Illustrate the results by

sketches.

(@) x'-14x*+24x-k=0
(b) 3x'-16x>+6x*+72x-k=0.

n

If a;,a,...,a, arealldifferent, prove that the equation Z =0 hasexactly (n-1) roots
r=1 X — ar
(&) by considering changes of sign of p(x)=(x-a,)(x—a,)..(X—a, )Z 1 ;
o X—a,

(b) by applying Rolle’s theoremto f(x)=(X—-a1) ... (X—a) .
(You may assume, without loss of generality a;<a,<...<a,).

(@ If pn<0, and n iseven, prove that the equation

n-2

P =X"+py X"+ px" T+ L+ Py X+ P =0

has at least one positive and at least one negative root.

(b)  Prove that the number of positive roots of p(x)=0 isodd ifandonlyif p,<O0.



